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ON A METHOD OF SOLVING INTEGRAL EQUATIONS AND ITS APPLICATION TO THE PROBLEM
OF THE BENDING OF A PLATE WITH A CRUCIFORM INCLUSION®

0.V. ONISHCHUK

A scheme for a method of solving a certain integral equation is proposed
consisting of the construction of a system of solutions of the character—
istic equation with a complete system of special right-hand sides (poly-
nomials, say) and writing the approximate solution of the initial equation
in the form of a linear combination of the functions constructed. The
scheme is realized in the case when the characteristic equation is reduced
to a Mellin convolution and is solved exactly by the factorization method
using the Mellin transform. In particular, such an approach provides an
efficient solution of an integral equation with a fixed singularity in the
kernel. A system of two integral equations obtained in the problem of

the bending of a rectangular plate with a cruciform inclusion is solved

as an illustration. 1In the case of branches of the inclusion of identical
length the system is solved by the ordinary factorization method, in the
case of branches of the inclusion of different length the factorization
method is modified substantially. '

1. The general scheme of the method of basis right-hand sides. we consider
an integral equation of the form

YT+ R Demdr—f)=0 (0<t<1) (.1

where L (f,7) is the characteristic part of the kernel that includes all the singularities
existing in the kernel and K ({t,7) is the regular part of the kernel. It is assumed that
for the characteristic equation

1
0SL<t, Ve )dr=g(t) O<I<Y) (1.2)

an exact solution can be constructed. The properties of the functions @(T} and Qgtd {the
arrangemént and nature of the singularities) are in agreement here.

Assuming that the functions K (,t) and f(f) in (1.1) are sufficiently smooth and
approximated well by polynomials, and following /1/ (p.9) we consider a system of functions
Ot {r) that are solutions of the equations

1

Lt ~) m
§{L(T,t)}9mi(1)dt=t O<t<t,m=0,1,2,...) (1.3)

{for certain kernels L (¢ 1) the range of variation of m can be narrowed, see Sect.3). We
construct the function (/2/, p.40)

Lt @, pF O = 3 ai 182 (0, ¢ 1.4

for which
1

S{i‘(‘;g}u..*(~c>d1=o,.=tpn==(t) O<I<n=0,1,2,...) (1.5)
o ]

and the biorthogonality conditions are satisfied
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1

{ put () 7% (1) dt = N, %6, (1.6)

[

Formulas (1.5) and (1.6) enable us to write the exact solution of (1.2) in the following
form (analogous to /1/, p.7)

o@=3 ﬁ(ig(t) m (1) dt ) o (5) .0

n=o

and also enable us to use a method analogous to the method of orthogonal polynomials /1, 2/
for the approximate solution of (1.1):
a) write the desired function in the form

N
o (7) ="§0 D7, (1) {1.8)

b) determine @, from the condition of the orthogonality of the left-hand side of (1.1)
to the functions f," (f):

N
Ny 00" Oy +In§=]odmnd)n=Fm (m=0,1,...,N) {1.9)

11 1
dn = K (6, 1) 10 () 7™ () vty Pr=7(8) 7 ()
00 0

The function (1.8) can also be written in the form
N
9(1) = 2 0:8,* (v) (1.10)
n=0

by determining ¢, from the condition of orthogonality of the left-hand side of (l1.l1l) to the
functions 8, (f)

N
D (@mn + bun) pp=1m (m=0,1,...,N) {1.11)
=0

1

0

(K (2, 7)0,* (1) 8, (1) dv
1]

Utilizing (1.10) and (1.11) in place of (1.8) and (1.9) enables us to dispense with the
tedious construction of the biorthogonal systems (1.4) in the general case.
If the characteristic part of the matrix-~kernel is diagonal

1 M

$(La(t D 0u() + 3 Kap(t ) 9p(0) dr — fa () =0 (1.12)
[} f=1

0<t<, a=1,2,..., M)

then we have in place of (1.3), (1.10) and (1.1l1)

S {Z t:'g} 02 (TNdr=t"™, @, (r)=2 PanBia (T) (1.13)

M N

2 2 (aapmn + bapmn) Ppn == fam

fee1 n=p

a=1,2,....M;m=0,1,...,N)
1

1
Bagmn="00g § "0am (112,  fam=fa(t)Bam () dt
[1]

0

—
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11
bapmn = § Kop (£, 7) O (1) Bm (1) dr dt
o0

For a system of general form

MM

32 § (Lis(t,v) + Koy (6 0) 9 (1) de — £, (1) =0 (1.14)
=1 0

(<t l‘hi=1,2,-..,M)

we obtain the following scheme

Z S {Lu (¢, ‘r)} s (1) dv = pigFe" (1.15)

Ll!( , )
Ot s i=T,M; p=1,M;n=0,1,2,...)
M N
tw(f)-— 2 2 PpnBen (7)
2! 2(“aﬂmn+buBMn)q>ﬁn—fam (1.16)
(a_i 2,.....M;m=0,1,...,N)
MM MM
Bopmn=23) § Pion (1) Oiam () 2, fm=2 § 71() Oam (1)
i=1 0 i=1 0
M MM
bas,,,,‘=§ ,2 S’K,,(t ) O3 () Ofaum (£) dT dt
1 j==

System (1.16) in @an is obtained from the condition of the orthogonality of the residual

vector | dy(t), do(®),.. ., du(t)ll on the left-hand side of (1.14) to the vectors [l Omm (%), O5am (¥),
-y Ontam (DI:
MM
3§ & () Bum () dt =0
i=1 0

(=1,2,...,M;m=0,1,...,N)

The realizability of the scheme described is determined completely by the possibility of
constructing the functions 6% (r) in (1.3) in a form enabling @my, bms and fn in (1.1l1) to
be evaluated. This is done especially easily if the integral operators in (1.3) are Mellin
convolutions

1

(ex(L)ot@mE=m 0<i<Y (147

(or are reduced to such a form by using differentiation, say). Egs.(l1.17) can be solved by
the factorization method (see below) whereupon the Mellin transforms are found

1
‘Ymiﬂ(p)=§ Bt (1) -1 dv (1.18)

and by the inversion formula, the functions Bﬁ(ﬂ themselves.
By virtue of (1.11) and (1.18) apu, =¥, (n +1). If the functions K ({,T) and [ (¢ are
here expanded in power series

o0 a0 o0
=2 Ad*, K(t1)=3 3 But*t (1.19)
k=0 k=0 i=0
(in the general case in polynomial series), we obtain the following simple expressions:

,

= S AT D b= D D BT GOV B4 (1.20)



214

The method described can be applied efficiently to egquations with a fixed singularity in
the kernel (for t=1=0) which is obtained, in particular, in two-dimensional problems of
elasticity theory with intersecting (branching) linear defects and linear defects emerging on
the domain boundary /2-10/.

An investigation of such equations is carried out in /11/. 1In this case the main dif-
ficulty in solving (l1l.1) is associated with the complication in the behaviour of the function
@ (1) as t— 0, which will be of the type ¥, as a rule, where v is the root of a certain
transcendental equation 6 (y) = 0. Consequently, the desired function is written in the form
e =171 — 1P e (v, in /2-5/, where a = —y, ¥, is the root of the equation G(y)=0 from a
certain strip determined from the mechanical meaning of the problem. The function @,(v) is
approximated by polynomials or splines.

This method is fairly awkward even in the case of real v, because of the difficulty of
evaluating the integral

(L (t,¥) + K (1, ) t* (1 — 1)Pog (v) d¥ (1.21)

Ol

In the case of the presence of two complex-conjugate roots in the equation G{y)=10 the
difficulties increase significantly. Moreover, the roots yw of the equation G(y)=0 with
Re yx << Rey,, exert an influence on the smoothness of the function @,(s) and the efficiency of
its approximation by polynomials. In order to simplify the algorithm, a =g, is taken in
/6-10/, the closest integer or half-integer to the right of ¥» which enables simple quadrature
formulas to be used to calculate (1.21). In substance, the same simplification is made in
/12, 13/ also, where the approximate form of the mapping function results in smoothing out the
angular points on the domain boundary when conformal mappings are utilized.

Being sufficiently simple algorithmically (see (1.11l) and (1.20)), the proposed method
simultaneously takes account of the behaviour of the desired function as T—0 most accur-
ately since we have ¥,* (p) = R ()G (P)I™ in (1.18) for Rep < Rey,, and by the inversion
formula

B, () R, (p)
1 m - m -
9,,,*(1):-2;1-{87(;)—1 ”dp:%ﬁes [W]t e (1.22)

A Rev,<Rey,

i.e., all the roots of the equation G(y) =0 with Rey < Rey, are taken into account. Both
these facts, as well as the new solution obtained below for the problem of the bending of a
rectangular plate with a cruciform inclusion indicate the efficiency of the method.

We note that difficulties with the presence of non-integrable singularities of the contact
forces as 1—+1 (analogous singularities are obtained in /2, 14-17/ in problems of the
bending of plates with linear inclusions (in the form of line segments) must be overcome in
the solution of the problem mentioned.

2. The problem of the bending of a rectangular plate with a cruciform in-
clusion. wWe consider a rectangular (|z|< e, =a/2, |y]|< b = b/2) hinge-supported plate
within which there is a thin absolutely rigid inclusion subjected to an applied force P of
magnitude W, at the segments y =04 |z |, =¢/2and 2=0, |y|<d, =4df2.

The problem is formulated as follows. Find the deflection of a plate satisfying the
equation and boundary conditions

DAw=gq(z,y) (lz < e, ly < b) @1

w=M,=0(lz|=a, |lyi<<b) 2.2)
w=M,=0(yl="b, z]<a)

as well as the conditions on the inclusion

w=W,(y=0lz|<e, and z=0 lyl<<d) 2.3)
w,=0@=0lz|<e),w =0(@=0,lyi<d) 2.9

The function w(z,y) is obviously even in z and y.

We reduce problem (2.1)-(2.4) to a system of integral equations. To do this, we start,
as in /2, 15-17/, from the fact that the presence of the inclusion causes a jump in  the
transverse forces

Py (B) = Vy (5, —0) — V, (&, +0), ¢y () = ¥V, (—0, m) — V. (+0, ) (2.5)
the functions ;, P, are even, P, (§)=0 for c,<|E|<<ay, () =0 for d, < |n|< b,
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Assuming the load is applied only to the inclusion, we write the right-hand side of (2.1) in
the form

g(z ) =4 (@)6(y) + s (y)ﬁ(z)—
23 Y cosow cosy S ¥ (B) cosat dE + 5 (1) 08 B )
k ]

—Cy

a=gay=mnalk p=4p=abl

which results in the following expression for the function satisfying (2.1) and (2.2) in terms
of the unknown functions P, (§), ¥; (v):

d,

w(@ y)="pz Z Z c?igf;f;f z( §c 1 (8) cos ok dt + S 2 (1) cos By dn)

~d,

Here and henceforth the prime on the summation sign means that summation is taken over
all positive odd values of the variable mentioned.

Conditions (2.4) are satisfied because of the oddness of w,” in z and w,’ in y and the
uniform convergence of the series for w,’ and wy' while conditions (2.3) result in a system of
two integral equations in ¢, () and ¢, (n) (o = ba™):

€y

—Sc. Z‘l €08 oz cos af (Z’m%:,kj)ipl (E)dE + (2.6)
dSZ'“W( o) w(man =St (2]<e)
—d, k ]

_3 Z“ﬂﬁy( ) h @) dt +

%1

d
g Z cos By cos fin 2 m) Y (M) dn=—; W° =t
3,4

(ly!<<d)

We execute the following three transformations in system (2.6):

a) we make a change of variables and functions z =t y=c;t, E= %, 1= &7, @ (v) = Re¥y (£,
g (1) = ney ¥ (), we introduce the notation e= ca™l, A= dcl, y= vy = nek/2 and we take account
of the evenness of @ (t) and ¢, (7);

b) we sum the inner series by means of the formula

’

(;T"_i—({% = o (1 + 3a) €* 4 i (a) ch (sa) — v (a) sa sh (sa))

plad=1thp—1t —psechip, v(a)=thp—1, p= na/2

resulting from formula 5.4.5.11-12 /18/;
c) we convert the slowly converging part of the outer series by using the formulas

’ €OS y! €os yT I [ ne\2 _ — 2
E—Ia—=7(7) [(t Wehnft—t|4 ¢+ oRin|e i+
k

2.7)
(o)) ] ¢
2k

-] l U]
Aa—n’Z(—;‘) (21 —3) Ty, ;;, (21-1-22,;:)! (:k)l

! COSY ~v¢ _[4_ o 8 Z coS Yt -yt _
SatvSSTer (- ) 3 ST
3 k

—;—(%’—)' [(n +@E4w 4+ (20 (—&) —3)@+m+ 21«] +

[Al-k ek

a0 2
[ k
A,—-n’Z(—2-> (2t —3) T’,_' (T'_z—k)lw(—i) (1 — 2k)
=2
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where /18/
A= k?=1.058, T = 3 (—nfi*
K k=1

Formulas (2.7) are derived in the same way as (1.5) /17/.
Consequently, the transformed system (2.6) is written in a form ensuring satisfaction of
conditions (1.10)

[% (%)”Lu (. t)+ Ky (¢, 17)] ¢ (t)dv = D::’o - 2.8

i=1,2, 0 =1, 4 =34 Ly ({,7) = Ly (¢, 7) = (# +
%) 1n (2 + 1?)
Ly (7)) =L(t, V)= —1)ln |t —1 |4 (¢ + 1) In (t+7)

Ky(t,v) = () [ (2 In T"i —3) @+ +2(1— 61,)12] + (2.9)
024, — 003 ;’ ( ) (@ — 3)l Taiey 2 (2,’”':,:), x
ok

-z 18+ (1 = 8,) (= 1)* (1 — 2] +
5 (B ) ) »

= )(1—511)21)( ,) l(_;:—;-'] ’

[2(p< k) (1—28,) ——v(
=0
=1 o,=c¢
where expansions of the functions cos, cosh, sinh in power series are used in the last sum
with respect to k.
System (2.8) is solved differently for identical (A =1) and different (A3 1) lengths
of the inclusion branches.

3. Inclusion branches of identical length (A=1). To reduce system (2.8) to
the form (1.12) we make the change of functions @,,, = ¢,° 4+ @;° and form a new system of
equations by taking the sum and difference of (2.8). We consequently obtain

(%) § La(t. 1) 9a" (D) d7 + Zz, § Map (¢, 7) 95 (1) dr = 3.4)

B=1 o0
2t DW° bya

(0 <\ 1), a =1,2; Ly = L, — (—1)2L,,
2 2
2, ; — 1)U GaB K

i=1 j

The kernels Lg (i, 7) have mobile singularities (for ¢ =1t1) and fixed singularities (for
t=1=0) and are symmetric. Taking their evenness in t into account as well as the fact
that L, (0,7) =0, we consider instead of (1.13) the equations

1 ¢ (nia)-g

STy S Lo (2, 7) Oan () dv = Tora—gr =Pu(l) 3.2)
0

o<t ),n=0,4,2,..;a=1,2

We differentiate them thrice with respect to t to reduce them to the form (1.17)

ta(m—a)—s

SNa( )ean (T)‘—=m—fan(t) (IR S )] {3.3)
Na(y) Ny (@) — (= 12N @)
M@ =Nas W) =—(5=1 + 5571
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1 6 4y
Nu ) =Nu )=+ (597 — e

In general, not every solution 8g,(r) of (3.3) will be a solution of (3.2) since it
can yield a function different from p,, (f) by an even polynomial of second degree in d (i)
on substituting into the left-hand side of (3.2) (d(t) = d, + 4,2 for a=1 and d(t) =

dyt* for a = 2). The polynomial d(f) vanishes if the conditions

S Ly(0,7)Byn (v) dr = = S ¥ In 1y, (1) dt = py,, (0) (3.4)

¢ aL, 2(3— ¢
§ = (0,7) Bun () dr =282 S 1+ (2 — 2) In 7] On (v) dv =
0 w [
Pan (0)
are imposed on 0g, (7).

To satisfy them we seek the solution of (3.3) containing 3 - a arbitrary constants. We
will solve (3.3) by the factorization method /1/ using a Mellin transform for which we write
(3.3) in the form (Yu, () is an unknown function)

(V(D)o@mF=ro+10 O0<t<o (3.5)
0

| 8an (8): fan (), O} O <L)

fo.@. .1, 0)= { (10, 0, Wun ()] (1<t << )

Applying the Mellin transformation to (3.5) and taking account of the formula in /18/ we
obtain

Ga (P) Dan (P) = F-(P) + F* (p)v (36)
F (p)=I(p+2(n+a)—5)(2(n + a)— S}
| Go.(p) Dan (p), F~ () F* (P} = (3.7
CIva @), 0.0, 7.0, 7, () N 271 at
0
Ga (p) = T (p)Ka (P) (3.8)

T (p) = tg Yynp, Ka (p) = 1 — (—1)* (2 — p)/sin omp

The functions @un(p), F~ (p) are regular in D~ = {p: max (—1, Re )<< Re p}, ¥ is
determined by the asymptotic form 0, (v) = 0O (¥Y) as T—0. The function F* (p) is regular
in D* = {p: Re p << 1}. The equality (3.6) is satisfied in the strip Q = {p: max (—1, Rey) <
Re p << 1}. Using standard reasoning /l/, we obtain the solution of problem (3.6) containing
3 - a arbitrary constants in the form

@an(p) =1{4a(p)+ F (P) (6o (5 —2(n + eI} G (P (3.9)
A; (p) = ay + ayp, A, (p) = a,

Gat (D)=T*(P) Kt (P T~ (P)=poiy

wrov_ T {(a—ap) — N Ko (P)
"= Ta—mpn » K P=%75
iy 1 ¢ InK, (@ (p—1)y (Rep<< 2)
£ = (5 {259} { e ko) (op>)
where L is the contour of Re g = 2. The selection of L instead of the contour L, with Regq&
(0,1) is because Ind K, =0 on L while Ind K; = —1 on L,. The presence of the zero for
K,(p) for p=1 is taken into account by the factor (p — 1). Asp — oo Ge* (p) = O (pt-),
Dza (p) = O (p'h). The growth of ®gz,(p) as p— oo is allowed when using the Mellin trans-

form of generalized functions /19/ and indicates the presence of non-integrable singularities
for the functions Oay (%) as T—>1 —0: 6, (v) = O (1 — )24 (similar to /2, 14-17/). The
behaviour of 04, (v} as v— +0 is determined by the zeros of the function G (p) (see
(1.22)) and agrees with the behaviour of the transverse forces at the vertices of a clamped
quadrant /20/.

To find a,, a4, a3, we use the fact that on the basis of (3.7) conditions (3.4) are carried
over to the function @gn (p) in the following form
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207 (D (P))p=s = Pyn (0) (3.19)
23— @)™ (P (p) + (2 — &)} DPan (P)) )p=1 = Pan {0)
(@=1,2)

Substituting (3.9) into (3.10) and taking account of the known relationships (/21/
formula 1.7(1) and /18/, p.774), we obtain a system of linear algebraic equations in g, a,, 2,
which completes the construction of the functions Ogn (7) ‘

1 i
5§a dyya;==pin’ (0)(4r)™ — diyQy (p) — T (K1 (p))* Q. (p) @.11)

i=0,1p=3—-2L,r=02—i Qs (p)=F (p) X
(Gt (5 — 2 (n + a)?
_r _ K7 . r
do =g { — By —m2+7), du=pdu+ TG
(K ()" (ay + Q2 (1)) = paa” (0)/2

Using the constructed 0, (1), the approximate solution of system (3.1) is found from
formulas (1.13).

It should be noted that the construction of the functions 0, (t) can be considered as
the sclution of the problem of the bending of an infinite plate with a cruciform inclusion
(Pan ()  yield deflections on the inclusions). The solution of this problem is contained in
the more general results of /22/, but it is obtained there in a form less convenient for
realization of the scheme elucidated in Sect.l.

A relationship between the inclusion W, and the amount of force applied to the inclusion

4 LA
P={wmat {nman- (3.2

—Cy —d,

i ¢,
—K—S(Pl (T)d'l':
o

N

4 -
_1\;_2 P3P (D

n=0

is constructed from the results of the calculation.

The values of P for N=2 and N =3 are practically
in agreement, which confirms the efficiency of the method
proposed. The displacement of the inclusion was represented
in the form

Wy = 103 Pa?D? (3.13)
where the coefficient a = (s 0,2 characterizes the stiff-
ness of the plate~inclusion system. The values of a found
at this section (for A=1) are presented as solid lines in
the figure. We show for comparison, as dashed lines, the
results for a linear inclusion located along the =z axis,
which corresponds to A=0 (see /2, 15/). As might have
been expected, the cruciform inclusion is at a lower value.
This decrease is especially noticeable for a plate stretched along the z axis {(o=03), as
well as for a square plate (o=1) £for large inclusion dimensions (&> 0.8). In the case of a
plate stretched along the y axis (6= 2) the influence of the second branch of the inclusion
is unimportant.

4, Inclusion branches of different length (As=1). To be specific we consider
A<C1 (the =z axis is directed along the long branch of the cross). System (2.8) is not
reduced successfully to the form (1.12); conseguently we will use (1.15) and (1.16). Let us
construct the systems of solutions || 8, (), 8sn (| of the characteristic system of equations
with polynomials on the right-hand side

2 ¥
%:25Lu(t,r)eatan(f)dr=pmu(t) O<eChyi=1,2) (4.1)
=10
n=0,1,2,... §=1,2, the right-hand sides of the form {4 +p(t),4l, B=2—110,p (i

correspond to the value P = 1. It is here taken into account that the condition Pun (0} =
Pasn (0)  results from the behaviour of L;(t, 1) as t—>0. Also taking into account that
the evenness of P (f) follows from the evenness of L (2, 1), we take the following
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polynomials as  pyn (2):

3 Aane
Pun@ =g+ Pun®=8ms Prun®=0, Pran()=5zyr 2
Differentiating (4.1) thrice with regpect to t, we obtain (see (3.3))

3 A

3 UMyt F =) =Fm () O<E<H1=1,2) “3)
=194

fign (8) == 8,288 [(2 (n + B) — S}

In order for the solution of the system (4.3) to be the solution of system (4.1) it
should satisfy conditions analogous to (3.4)

2 A
—}; Z Sl % In 1858, (%) dv = p1aa{0) (4.4
=10

1

3
f 2107+ 1+ 28,) Ojpn (Vdr=pign (0) (i=1,2)

=al 0

e

L
n

L

We rewrite system (4.3) in the form (Y (f) is an unknown function)

2
=1

FVu(5)0m =t +1ul) O<t<oo,i=1,2) (4.5)
[ .

O3n (2), fipn (), 0 0t A
DROPRCNCTES P

Introducing the notation for the Mellin transform

§° J Ny (£)) Ny (8), 00 (2), Fr (0, o, (@) | P2 At = (4.6)
' 1T (p). R(p), @™ (p) Fy (p), Fy* ()l R(p)=(2— p)eos/ynp

§° 10,.(2). fo(8). fo, Q) 72 dE =2P § 185 (A5), o (AB), £, (AB)EP2dE=—

" | A2Qy (), WPy (), W' ()|, @5 (p)= D (p)

and applying the Mellin transform to system (4.5), we obtain a Riemann matrix problem (the
domains of regularity D* and the function T (p) are the same as in (3.6)-(3.8)):

A (PO (p) + An (VO (D) = F (p) + Fy* (p) “4.7
An (D) O (D) + An (p) WO, (p)=AFy (p) + AF* (p) (4.8)
Ay (P) = A3 (P) = T (p)y A12 (P) = 45 (p) = R (p) 4.9)
Fr)=8pA™(p +2( +B) — 52 (n + ) =5 =

Fign (p)

. We will assume the presence of power-law singularities for the functions 6;_(t) and
i+ {} as t—>}; Then by theorems of Abelian type, their Mellin transforms @, {p}{F;" (p))
have a power-law behaviour as p— oo,p ez D7 (D). The purpose of the subsequent constructions
is the transformation of (4.7} and (4.8) to the form

Ct () =Cyr (p) (1 =1,2), Cx(p) =0 (p") as {p |- o0 (4.10)
p=Dx

which affords the possiblity of applying Licuville's theorem.

We carry out the required transformation by replacing the specific functions (4.9) by
arbitrary functions A;j(p) for generality, and assume here that

1) the functions A4y (p)/A4y; (P) (44 (PY44; {P)) have only poles of multiplicity one p,~ (pn'),
m=1,2,3,..., respectively, as singular points in D~ ({D*) and behave as O(p%) for
[pl— 00, p&E Dy (Dy),. Dyyy = {p=D*, inf | p — ph| = ¢, >0} '

2) the factors A% (p), GE (p) behave as O(P*™) for |pl|—oo, pe=D* for the
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factorization Ay (p) = Al (A (P) and 6 (p) = Aw (p) — Ay (p)An (P)/As (B) = C* (P)E™ (p)

3) Rephk=0@m», a >1, m—> o;

4 RE = Res (12,21 (P} Ay (P)) = O (mP), m — oo.

p=p%

For generality we write the functions F;”(p) in the form F; (p) = b;{p — a;)!, a; = D*.

Since as |p |— oo, p &= D* the function AP —» co more rapidly than any power of p, and
components A4, (p)P,” (p) and WF,* (p) are simultaneously present in (4.8), then the reduction
of (4.8) separately to the form (4.10) with the required asymptotic form is not possible.
Consequently, we replace the equality (4.8) by the linear combination -—AP4, (p)/d, (p) (&.7) +
AP (4.8):

G(p) Dy (p)=— AP L2 (B~ (p) + Fy* () + (B () + Fo* (1) (419)

We rewrite the equalities (4.7) and (4.11) in the form

Fy Ft _
AL — 4 ()0, (p) + 2 20 B A () Oy (p) (4.12)
Fy (p) + Fa*(p) _p An (p) (Fi= (p) + F1* (p)) - -

T A e =6 (PO ()

and introduce the following functions into theconsideration

.- me_A - _ _ _ _
Y P=2, 5= A =Ro Ay () D4 () (4.13)
m=1
_ . oo A—p’”+Am+ . +F1‘ (pm+) + Fyt (p.*)
‘p‘g (p)-—— mE=1TPM+-, Am _Rm ——-G_+(p:nT"‘_.

whose subtraction from the corresponding components with the factors A*P in (4.12) cancels
the poles pi existing there. The series Y¥,* (p)(¥, (p)) here converge uniformly in  the
domains D, (D,), respectively, and behave as Q(p) as |p|—>o,p=D, D" (p=sDyl D).
The numbers Aﬁ are still unknown since they are expressed in texrms of the unknown functions
@, (p) and  Fy* (p).

Taking account of the presence of the poles in D* in (4.12), that are given by the func-
tions F; (p), we introduce the notation

Fy- - Fy~ 4 4
o =152, 05 (=58 — P (0) gy S (4.14)

Using the functions (4.13) and (4.14) we rewrite (4.12) in a form corresponding to (4.10):

crp=0L 0 o0 (p)— ¥y (p) = (4.15)

A (PO () + 2B 4, (1) O, (p)— 047 (p) —

W(p)p P @) An(2) (Fr (9) + Fr* (o)
— Fs (D +Fe (p - p) (Fy (p )
Gy (p)= G+ (p; —A A:: (») [ (p)1
0y (p)— ¥ (p)=G(p)©y (p) — Qs (p)— ¥y (p)=Cy (p)

The functions C; (p) mapped by the functions C;*(p) in D*, are entire and under the
assumptions made regarding A;;(p) for sufficiently large p the C;(p) satisfy the inequalities
[C; (p)| < Bylp |, According to Liouville's theorem C;(p)=: P, (p) is equal to a polynomial
of degree ¥%;. It is important to emphasize that since A -»0 as rp | > oo, p = D”, the component
with factor AP present in €,” (p) does not prevent satisfaction of the inequality mentioned.
Moreover, since C,(p) is a polynomial, there are no components of the type O (p®), in the
asymptotic form C,” (p), which can be explained by the presence of the asymptotic form
O (p*) + O (3p%) for the desired function @,  (p) and the mutual reduction of terms of the
asymptotic form O (Ap%) in the first two components in C,”(p). All the above also refers to
the component with the factor AP in C,* (p). Substituting P,“ (p) into (4.15) we obtain

F*(p)=—Fy" (D) + Au* () (0, () + Z . »)) (4.18)

o) () =g (@ ()~ by —,,_—,,l’v + Pu,(p))
=



221

Substituting (4.16) into the expression for A4,F in (4.13), we arrive at an infinite
system of linear algebraic equations in A4,¥F

o —pl+

_An(m,) ATt ar -

Ap =Ry T (Qz (Pm” _;W+PX:(}’m )) (6.17)
A o MU as

Ay —-—Rm*—(;—l@p'"T)(Q;“(Pm+)+;m+l’x.(1’m+))

If we determine the polynomials Py (p) in some manner, then by solving system (4.17)
(generally approximately), and substltutg.ng At into (4.16), we find one of the solutions
of problem (4.7), (4.8). For P, (p) =0 we obtain a particular solution of the inhomogeneous
problem. If we take Q; (p)=0 and select P, (p) =p" (k=10,1, ..., %), Py (p) =0 of P, (p) =
0, P, (p)=p"(k=0,1,..., %), then we obtain a set %, +#, + 2 of solutions of the homogenous
problem. As usual in the factorization method, the specific values of %, and %, are
determined either by giving the behaviour of the solution 8p,{(x) of the initial equations
as T—>Ai; ~0 (and thereby giving the behaviour of @; (p) as |p |- o) by virtue of (4.6)
and a theorem of Abelian type) or by the number of constants to satisfy some additional con-
ditions. Three constants are required to satisfy conditions (4.4) in the case being considered
here. Consequently, we take x; =1, %, =0, P, (p) = ay + a1p, Py, (p) == a3 (other modifications
of the selection of x; that yield three arbitrary constants will result in divergence of the
energy integral of a bent plate, see /17, 23/).

If A4;;(p) and Fi (p) are given by (4.9), we obtain

4z (p) As () 2~p T
Au(p) = Anlp) — smTpap ' Pm —2km

G (p)= T (p), K (p) K (p) =t ~ (p — 2)¥sin® Yynp, G (p)= T (p)KFE (p)

The expressions for Tt (p) and k% (p) are given by (3.9) with K;(p) replaced by K (p)e
Formulas (4.13), (4.14), (4.16) and (4.17) take the form

kam-i-z Am- 4
¥ (p) = }_, —Em—3 Am = {7 mI= (2 + 2m) OF (2-+2m)
m—l
A2m-2 A +

]yi (F ““"‘Z p+2m—2 ]

5 m Py (2 —2m) + Fy* (2 — 2m)
At = (=) 2 T2 —2m)
- = (p) Fy (p) Pr(p) (1—20)(—1)"
(7% {p) = m . & (p} = G+ (: - 2») ;a_m G B —2n)
;‘SIHA

Fit (p) =~ Fy= () + T* (p) (Or (p) +Zm {-ao+¢xp)

i l”"A
O ) = (Qa‘ () — Z m + as)
Kﬂ—‘ A
A K, Z Ty = K™ (O 24 2m) + a0, 6.18)
4m (— )™
S Sndl.) B
B = nk* (2 F 2m)
l!l'l-! A

2 TG = K @7 G2 e+ 2= 2m) e

The infinite system (4.18) was solved by a reduction method for fixed ¢ and the truncated
system by a simple iteration method. From 10 equations for A= 0,2 to 100 equations for A=
0.95 were kept.

Note that the construction carried out are conceptually close to that used in /24/.

Let us determine the a; by using conditions (4.4). To do this we execute a number of
transformations. On the basis of (4.6) conditions (4.4} are carried over to the function
@ (p) in the following form (their sum and difference are taken in place of the last two
equations in (4.4)}:

7 (@1 (p) + MO8 (P pms = Py (0) (4.19)
2@ — a1 (@ — D (O (P) = AP0y () + (O (1) = A O8™ (P)geus = g, (0) = P () (1 =1,2)
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In conformity with the structure of the right-hand sides in (4.18), the numbers Ai
depend linearly on g; and the functions {4.13) can be written to the following form

¥E, (0)= YL, (p, 00, 21, 1) = ¥E, (£,0,0,0) + (4,20}
“0‘1’12{%1 0 O +a¥E (5, 0,1, 0) -+ a¥E,0p,0,0,1)

An analogous representation can be written for the functions (4.16), and taking (4.7)
and (4.8) into account for the functions

- +
O () £170r () = & (1F B )70y () + LI @21

Substituting (4.21) into (4.19), we arrive at a system of three linear algebraic equations
in ;. Purthermore, the values of a; are substituted into (4.18), and Ai into (4.16), (4.7)
and (4.8). Finally, we find the transforms A®; (p} of the functions 8, (t) are solutions
of system (4.1). The behaviour of the functions 8;,( as 71— +0 and t—4 —0 is the same
as for the functions 6,,(Y) in Sect.3. Using the constructed 8, (t) we find the approximate
solution of system (2.8) from {(1.15) and (1.16).

&s in Sect.3, the coefficient a in (3.13) is calculated from the results where

Aj 2

P:—i—-Z q)ﬂ'c)dt:%Zi
j je=1 P

=10

uMz

ﬁ,.hjfb,-‘(l) (4.22)

The values of P for ¥N=2 and N =3 are practically in agreement.

For A<{1 the case o<1 is of greatest interest. The corresponding values of o for
o= 0.5 and A= 0.5 are presented as dash-dot lines in the left lower part of the figure. As
might have been expected, the curve obtained lies in a domain bounded by the two limit curves
A=0 and A=1. For a square plate (0=1) the influence of the second branch of the inclusion
is noticeable only for A close to one (the appropriate dependence for A=0.9 is shown in the
figure by dash-dots). In the case o= the influence of the second branch is unimportant
and the appropriate results differ slightly from those presented in Sect.3. As in /2, 15/,
for e=0 the values of « yield known values of the deflection under a concentrated force
applied at the centre of a plate.

The author is grateful to G.Ya. Popov for discussing the research.
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THE PRESSURE OF A SYSTEM OF STAMPS ON AN ELASTIC HALF-PLI;\NE UNDER
GENERAL CONDITIONS OF CONTACT ADHESION AND SLIP

E.L. NAKHMEIN and B.M. NULLER

The contact interaction of an elastic half-plane and an arbitrary system
of coupled and partially or completely detached stamps is considered.

The problem is reduced to a combined Dirichlet-Riemann boundary value
problem /1/ and is solved by quadratures. New modifications of the method
and problems occurring in tasks with two and more slip sections are
discussed; analogous problems with one slip section were studied earlier
/2/. Fal'kovich's problem /3/ is investigated in a broadened formulation
as an illustration.

1. Let L,=<{(ay b), k=1,2,..., 1 be an open, half-open, or closed interval and My =
[px, axl, k=1,2,...,m, segments of the real axis y =0 on which the stamps have, respect-
ively, slipping contact and total adhesion with the elastic half-plane =—o0 <z << o0,y < 0;
a,<b<...<b,pp<g<...<4gm We determine the shape of the stamps, the tangential
clearance on My, the separation-free abutment and non-intersection of the stamp and the half-
plane by the boundary conditions

v=uy(r), zEM, vV=y,/(z), r=LM; .1
1

L= (J L, M=} M,
k=1 k=1

Ty =t @hzesloy=1,=0z=S, LM=0

6, <0 z=Liv@E) —v)>0zs8

Here S is the complement L |j M to the real axis, S' are the selections outside
L (UM on which the stamp base with the shape V,(z) is not contiguous to the half~-plane;
the given functions satisfy the HBlder condition; the interval Ly = [ay, b (L = (ax, b)) is

*prikl .Matem.Mekhan.,52,2,284-293,1988




